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Abstract  

The Lattice Boltzmann method (LBM) is employed to simulate heat transfer in flow past 

three arrangements of and horizontal and vertical rectangular obstacle under isothermal 

boundary condition. A thermal lattice Boltzmann BGK model is purposed to simulate the 

two dimensional forced convection for the governing parameters as Reynolds number, 

Re=100 and the Prandtl Number for laminar flow 𝑃𝑟 = 0.71. Pressure distributions, 

isotherms and streamlines were obtained. Vortex shedding maps are observed in detail 

for various cases and signified that lattice Boltzmann method can be effectively used to 

capture velocity fluctuations. The present results are in good agreement with existing 

experimental and numerical data. 
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1. Introduction  

The problem of forced convection has been a major topic of research since the starting point, due 

to its occurrence in industrial and technological applications, such as electronic cooling. Heat transfer 

has been considered by many researchers for different industrial applications. The flow of fluids past 

cylinders of various cross sections has been a challenge and an interesting problem to researchers [1-

3]. Bluff body flows constitute an important class of problems within the domain of fluid mechanics. 

The elliptical cylinder is also one of the important bluff objects referred in Computational Fluid 

Dynamics field in which the aspect ratio and the angle of attack are the most important parameters [4]. 

It is also known that, elliptical cylinders offer less flow resistance and higher heat transfer rates than 

circular cylinders.  In the recent decades, the Lattice Boltzmann method (LBM) has proved its 

capability to simulate a large variety of fluid flows. For the isothermal fluid flows, the LBM was found 

to be an accurate, stable and computationally economical method compared with classical 

computational fluid dynamics methods. The Lattice Boltzmann equation represents the minimal form 

of Boltzmann kinetic equation [5].Control the temperature fluctuation in two-phase cuo-water Nano 

fluid by transfiguration of the enclosures. [6]. The main limitation of using LBM in engineering  [
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applications is the lack of satisfactory model for the thermal fluid flows problems. The multi speed 

approach consists in extending the distribution function in order to obtain the macroscopic temperature 

[7, 8]. However, this approach requires much more computational effort due to the additional discrete 

speeds and suffers from numerical instabilities. For the passive scalar approach, it consists in solving 

the velocity by the LBM and the macroscopic temperature equation independently. The macroscopic 

temperature equation is similar to a passive scalar evolution equation if the viscous heat dissipation 

and compression work done by pressure are negligible. The coupling to LBM is made by adding a 

potential to the distribution function equation [9, 10]. From the other point of view, fluid flow around 

obstacles mounted on sheet forms a fundamental basis for study of the convective cooling of electrical 

devices and heat transfer. This interest was motivated by the rapid advances in electronic technology, 

with the trends of the electronic industry being oriented toward the development of more and more 

compact and powerful computers. This subject has received much attention, as electronic system and 

device technology has improved, and performance increases are sought. Korichi and Oufer [11] 

carried out a numerical investigation of flow field and heat transfer enhancement in a channel 

containing three obstacles; two attached to the lower wall and one to the upper wall. The results 

showed that transition from steady to unsteady flow occurs at lower values of Reynolds umber, when 

compared to the channel with obstacles attached only to the lower wall. A study in steady flow regime 

for two circular cylinders in tandem arrangement, at four different Prandtl Numbers (Pr=0.1, 1, 10 and 

100) has been reported recently by Juncu [12] A numerical simulation of forced convective 

incompressible flow in a horizontal plane channel and heat transfer over two isothermal tandem square 

cylinders has been carried out by Farhadi et al. [13, 14] using the finite-volume and LBM method. 

Their study details the effects of gap between two squares, Reynolds numbers ranging from 100 to 

1000 and blockage ratio, on the characteristics of flow field and heat transfer. The present study 

emphasizes the implementation of LBM for the simulation of flow field and heat transfer around the 

isothermal cylinders to compare its results with results obtained by the finite element solution of 

Navier–Stokes and energy equation. The simulation is conducted at Prandtl Number of 0.71 and 

different Reynolds numbers, Re=100. Evaluation of the heat transfer rate increases in retention pools 

nuclear waste [15]. Several researches have been carried out using Lattice Boltzmann method, and by 

placing obstacles within the channels, heat transfer has been investigated which can be named as 

following. Fins arrangement and Nano fluids effects on three-dimensional natural convection in the 

cubical enclosure with numerical analysis [16]. Hybrid conduction, convection and radiation heat 

transfer simulation in a channel with rectangular cylinder researched by Peiravi [17]. Alinejad 

investigated analysis of secondary droplets characteristics due to drop impacting on 3d cylinders 

considering dynamic contact angle in numerical method [18]. Peirovi and society dissection 3D 

optimization of baffle arrangement in a multi-phase nanofluid natural convection based on numerical 

simulation. International Journal of Numerical Methods for Heat and Fluid Flow [19]. 

 

2. Lattice Boltzmann method 

2.1. Governing equation 

The lattice kinetic theory and especially the lattice Boltzmann method have been developed as 

significantly successful alternative numerical approaches for the solution of a wide class of problems 

[19–22]. The LBM is derived from lattice gas methods and can be regarded as a first order explicit 

discretization of the Boltzmann equation in phase space. This method (LBM) is a powerful numerical 

technique, based on kinetic theory, for simulating fluid flow [15, 18, 19] and heat transfer [25, 26],  [
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and has many advantages in comparison with conventional CFD methods mentioned previously. In 

contrast with the classical macroscopic Navier–Stokes (NS) approach, the lattice Boltzmann method 

uses a mesoscopic simulation model to simulate fluid flow [20]. It uses modeling of the movement of 

fluid particles to capture macroscopic fluid quantities, such as velocity and pressure. In this approach, 

the fluid domain is made discrete in uniform Cartesian cells, each one of which holds a fixed number 

of Distribution Functions (DF) that represent the number of fluid particles moving in these discrete 

directions. Hence depending on the dimension and number of velocity directions, there are different 

models that can be used. The present study examined two-dimensional (2-D) flow and a 2-D square 

lattice with nine velocities (D2Q9 model). The velocity vectors, 𝑐0…𝑐8, of the D2Q9 model are 

shown in Figure1. For each velocity vector, a particle DF is stored. The velocities of the D2Q9 model 

are (Fig. 1) and temperature boundary condition for Re=100 is shown in table 1:  

𝒄𝑘 = {

(0,0)                                   𝑘 = 0                                         
(±1,0)𝑐, (0, ±1)𝑐            𝑘 = 1,2,3,4                                  
(±1,±1)𝑐                          𝑘 = 5,6,7,8                                    

 (1) 

 

 

Fig. 1. 2-Dimensional for 9-velocity lattice (D2Q9) model 

 

Table 1: Boundary condition 

𝑅𝑒𝑖𝑛 = 100 𝑇𝑜𝑏𝑠𝑡𝑎𝑐𝑙𝑒 𝑑𝑢𝑟𝑓𝑐𝑒 = 1 𝑇𝑤𝑢𝑙𝑙 = 0 

 

All physical properties of the fluid are considered to be constant. The Prandtl Number is taken 

equal to 0.71.  At the outlet for air; all gradients are assumed to be zero. 

Where c = ∆x/∆t and k is the Lattice velocity direction 

The LB model (D2Q9) used in the present work is the same as the one which is employed in [14]. 

The DFs are calculated by solving the Lattice Boltzmann Equation (LBE), which is a special 

discretization of the kinetic Boltzmann equation. After introducing Bhatnagar–Gross–Krook (BGK) 

approximation, the Boltzmann equation can be formulated as below [27]: 

𝑓𝑘(𝑥 + 𝒄𝑘∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑡) +
∆𝑡

𝜏
[𝑓𝑘
𝑒𝑞(𝑥, 𝑡) − 𝑓𝑘(𝑥, 𝑡)] (2) 

𝑐0 𝑐1 

𝑐2 𝑐6 𝑐5 

𝑐8 𝑐4 𝑐7 

𝑐3 
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Where ∆t denotes lattice time step, 𝑐𝑘 is the discrete lattice velocity in direction k, τ denotes the 

lattice relaxation time and 𝑓𝑘
𝑒𝑞
 is the equilibrium DF in the direction of the lattice velocity. 

Equilibrium DFs are calculated as: 

𝑓𝑘
𝑒𝑞
= 𝜔𝑘𝜌 [1 +

𝒄𝑘 ∙ 𝑢

𝑐𝑠
2 +

1

2

(𝒄𝑘 ∙ 𝒖)
2 

𝑐𝑠
4 −

1

2

𝒖2

𝑐𝑠
2]                                                                                               (3) 

Where the weights 𝜔𝑘  are 𝜔𝑘 = 4/9  for k = 0, 𝜔𝑘 = 1/9 for k = 1, 2, 3, 4 and 𝜔𝑘 = 1/36 for k 

= 5, 6, 7, 8; and 𝑐𝑠 = 𝑐𝑘/√3 is the lattice speed of sound. The macroscopic fluid variable densities and 

velocities are computed as the first two moments of the distribution functions for each cell:  

𝜌 = ∑𝑓𝑘,   𝒖 =
1

𝜌
∑𝑓𝑘𝒄𝑘

8

𝑘=0

                                                                                                                             (4)

8

𝑘=0

 

This model is explained in more detail in [27]. For the temperature field the g distribution is as 

below:  

gk(x + 𝐜k∆t, t + ∆t) = gk(x, t) +
∆t

τg
[gk
eq(x, t) − gk(x, t)]                                                                      (5) 

The corresponding equilibrium DFs for fluid and solid, respectively, are defined as follows [18]:  

gk
eq
= ωkT [1 +

𝐜k ∙ 𝐮

cs
2 ]                                                                                                                                    (6) 

gk
eq
= ωkT                                                                                                                                                           (7) 

The temperature field is computed as:  

𝑇 =∑gk                                                                                                                                                           (8) 

 

2.2. Force and heat transfer evaluation  

   Heat transfer between hot and cold walls was computed by local and mean Nusselt number for is 

given as  

𝑁𝑢𝑙 = −
𝜕𝑇

𝜕𝑛
|
𝑤𝑎𝑙𝑙             

                                                                                                                                    (9) 

𝑁𝑢𝑚 =
1

2𝜋
∫ 𝑁𝑢𝑙

2𝜋

0

𝑑𝜃                                                                                                                                  (10) 

The two characteristic quantities of flow around a cylinder are the coefficient of drag and 

coefficient of pressure. That we use for validation (fig 2) The coefficients are defined as 
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𝐶𝐷 =
𝐹𝐷

1
2⁄ 𝜌𝑈∞ 

2 𝑙
                                                                                                                                              (11) 

2.3. Numerical procedure           

The physical geometry considered in this study is shown in Fig. 3.  .As can be seen the horizontal 

and vertical rectangular are arranged in the triangular configuration. All channel dimensions are 

considered as long enough ones to ensure that the recirculation takes place inside the computational 

domain, and the outflow has no effect on the physical variables which are investigated. 

 The mentioned triangular unit is mounted inside a channel which is sufficiently wide in a way 

that its walls exert no measurable effect on the flow field characteristics. Moreover, the rectangular are 

assumed to be too long so that the ends effects are neglected. The temperature of the walls (Tc) is 

equal to the temperature of the incoming fluid (T∞) which is constant during the computation. As well, 

the temperature of the cylinders surfaces (Th) is assumed to be constant, however, higher than the 

incoming fluid temperature. In this study, three kinds of boundary conditions are applied; bounce back 

condition is handled on the surface of cylinders and channel walls to obtain no slip boundary 

condition, constant velocity and constant pressure are set at inlet and outlet boundaries, respectively. 

The bounce back this boundary conditions are performed as below, 

At the up wall of the channel 

𝑓7(𝑥, 𝑡 + ∆𝑡) = 𝑓5(𝑥, 𝑡) ,                    𝑓4(𝑥, 𝑡 + ∆𝑡) = 𝑓2(𝑥, 𝑡) ,                    𝑓8(𝑥, 𝑡 + ∆𝑡) = 𝑓6(𝑥, 𝑡) 

and at the down wall of the channel 

𝑓5(𝑥, 𝑡 + ∆𝑡) = 𝑓7(𝑥, 𝑡) ,                   𝑓2(𝑥, 𝑡 + ∆𝑡) = 𝑓4(𝑥, 𝑡) ,                    𝑓6(𝑥, 𝑡 + ∆𝑡) = 𝑓8(𝑥, 𝑡)     

 

At the inlet of the channel the boundary condition with known velocity (𝑢𝑖𝑛) is applied (Fig. 3).  

In this position three unknown distribution function based on equation (3) are calculated.  

Equation (3) at inlet boundary can be written as, 

𝜌 = ∑𝑓𝑘 

8

𝑘=0

          
⇒  𝜌𝑖𝑛 = 𝑓0 + 𝑓1 + 𝑓2 + 𝑓3 + 𝑓4 + 𝑓5 + 𝑓6 + 𝑓7 + 𝑓8                                                        (12) 

 𝒖 =
1

𝜌
∑𝑓𝑘𝒄𝑘

8

𝑘=0

 
𝑓𝑜𝑟 𝑥−𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡
⇒              𝜌𝑖𝑛𝑢𝑖𝑛 = 𝑓1 + 𝑓5 + 𝑓8 − 𝑓3 − 𝑓6 − 𝑓7                                              (13) 

The equilibrium condition normal to the boundary, yields 

𝑓1 − 𝑓1
𝑒𝑞
= 𝑓3 − 𝑓3

𝑒𝑞
                                                                                                                                         (14) 

where 𝑓
𝑒𝑞

can be calculated from equation (2) 

𝑓1
𝑒𝑞
=
1

9
𝜌𝑖𝑛 [1 + 3𝑢𝑖𝑛 +

9

2
𝑢𝑖𝑛
2 −

3

2
𝑢𝑖𝑛
2 ]                                                                                                      (15) 
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And 

𝑓3
𝑒𝑞
=
1

9
𝜌𝑖𝑛 [1 − 3𝑢𝑖𝑛 +

9

2
𝑢𝑖𝑛
2 −

3

2
𝑢𝑖𝑛
2 ]                                                                                                    (16) 

Substituting above equations in equation (18) yields, 

𝑓1 = 𝑓3 +
2

3
  𝜌𝑖𝑛𝑢𝑖𝑛                                                                                                                                         (17) 

The remaining unknown distribution functions are calculated by solving these equations as 

below, 

𝜌𝑖𝑛 =
(𝑓0 + 𝑓2 + 𝑓4) + 2(𝑓3 + 𝑓7 + 𝑓6)

1 − 𝑢𝑖𝑛
                                                                                                    (18) 

𝑓5 = 𝑓7 −
1

2
 (𝑓2 − 𝑓4) +

1

6
  𝜌𝑖𝑛𝑢𝑖𝑛                                                                                                              (19) 

𝑓8 = 𝑓6 +
1

2
 (𝑓2 − 𝑓4) +

1

6
  𝜌𝑖𝑛𝑢𝑖𝑛                                                                                                              (20) 

At the outlet the open boundary condition is performed. The applied approach is to assume that 

the pressure at this boundary is known i.e. density (𝜌𝑜𝑢𝑡𝑙𝑒𝑡). At the outlet three unknown distribution 

function are calculated as below, 

𝑢𝑥 = −1 +
(𝑓0 + 𝑓2 + 𝑓4) + 2(𝑓1 + 𝑓5 + 𝑓8)

𝜌𝑜𝑢𝑡𝑙𝑒𝑡
                                                                                          (21) 

𝑓3 = 𝑓1 −
2

3
  𝜌𝑜𝑢𝑡𝑙𝑒𝑡𝑢𝑥                                                                                                                                   (22) 

𝑓7 = 𝑓5 +
1

2
 (𝑓2 − 𝑓4) −

1

6
  𝜌𝑜𝑢𝑡𝑙𝑒𝑡𝑢𝑥                                                                                                         (23) 

𝑓6 = 𝑓8 −
1

2
 (𝑓2 − 𝑓4) −

1

6
  𝜌𝑜𝑢𝑡𝑙𝑒𝑡𝑢𝑥                                                                                                         (24) 

 

 3. Code Validation 

The numerical simulation was done by an in-house code written in FORTRAN, using LBM. 

Numerical investigations were carried out for flow past a single square confined in a channel. The 

comparison of pressure distribution and drag coefficient with previous work at different Reynolds 

numbers (100,200) show that is a very good agreement has been obtained in Fig. 2 is our drag 

coefficient  report in Table(2 
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Fig. 2. Drag coeeficent versus time step for (a) Re =100 , (b) Re =200 

 

Table2 : Drag coefficient comparison 

 Present study Ref. [34] 

Re =100 1.401   1.51 

 Present study Ref. [35] 

Re =200 1.370 1.43 
 

 

Fig. 3. Schematic diagram of the computational domain. 

 

In the first section, three rectangles are placed horizontally, in order to studying the distribution of 

temperature and Nusselt numbers in the top, bottom, left and right sides of the channel. The flow and 

velocity lines are plotted. 

In the isotherm diagram, Figs.5, 6 and 7 the maximum temperature in the wall is high. The 

number gets smaller as it approaches the bottom. Compared to Figs. 5, 6 and 7, the slope of 

temperature that changes at the beginning of the channel is higher for the peak horizontal position and 

at the end of the channel for a square vertical state. 
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Fig. 4. Distribution functions at the boundaries of the domain. 

 

 

 

Fig. 5. 2Dimensional temperature distribution of channel with horizontal rectangular obstacle. 

 

 

Fig. 6. 2Dimensional temperature distribution of channel with vertical rectangular obstacle 

 

 

Fig. 7. 2Dimensional temperature distribution of channel with square obstacle 
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In the study of flow lines for all three states, Fig.8, 9 and 10 in distancing from surfaces are more 

powerful than in streamline and the variations of streamline in vertical mode are maximum and 

minimum in  square mode 

 

 

Fig. 8. 2Dimensional streamline of channel with horizontal rectangular obstacle. 

 

 

Fig9. . 2Dimensional streamline of channel with vertical rectangular obstacle. 

 

Fig. 11, 12 and 13 show the study of vorticity lines in three states which are very similar to the 

figures of the streamlines. 

 

 
Fig. 10. 2Dimensional streamline of channel with square obstacle. 
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Fig 11. 2Dimensional vorticity of channel with horizontal rectangular obstacle. 

 

 

 

Fig. 12. 2Dimensional vorticity of channel with vertical rectangular obstacle 

 

In the study of  Nusselt number for the order of the 3 horizontal rectangles , first, the effect of 

Nusselt number changes along the rectangle length in the lower edge (from y=0 to y=1) is investigated 

in graph 1.  

In graphs (1 to 12) given below, we have examined the Nusselt  numbers all around the middle 

obstacle (center of channel) , which values of  Y in Nu left and  Nu right are  increasing  from the 

bottom to top and for Nu up and Nu down  and from the left to the right changes  from zero to one. 

 

 

Fig. 13. 2Dimensional vorticity of channel with square obstacle 
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Graph1. 2Dimensional Nu down for of channel 

with horizontal rectangular obstacle 

 

Graph2. 2Dimensional. Nu left for of channel with 

horizontal rectangular obstacle 
 

  
 

Graph3. 2Dimensional Nu right for of channel with 

horizontal rectangular obstacle 

 

Graph4. 2Dimensional. Nu up for of channel with 

horizontal rectangular obstacle 

 

Then, we investigated the entrance edge of the horizontal rectangle in the graphs of the top 2 

sides and the 3 vertical bottom edges of the graph 4 which there is a completely similar graph in Fig.1 

and 4. And the maximum Nusselt number is at the beginning. And is near 1.6 around y=0.5 till it 

jumps in the end around y=0.95 and reaches 1.8. 

This symmetry is found in the vertical rectangle for the graphs 5 and 8 , except in this case the 

Nusselt number will reach 0.2 in y=0.25 and then begins to grow and will reach 0.6 around y=0.9 and 

it has a jump in the end which gets to 1.5.  The difference between vertical and horizontal is that the 

Nusselt starts in 6 and ends to 2 in horizontal state but in horizontal state starts in 3 and ends in 1.4 

In entrance edge of the graph 2. Nusselt number starts from 4.95 in y=0 and gets to its minimum 

of 3.3 in the middle of the edge.   [
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Graph5. 2Dimensional Nu down for of channel 

with vertical rectangular obstacle 

 

Graph6. 2Dimensional. Nu left for of channel with 

vertical rectangular obstacle 

 

  
 

Graph7. 2Dimensional Nu right for of channel with 

vertical rectangle obstacle  Graph 

 

Graph8. 2Dimensional Nu up for of channel  with 

vertical rectangle obstacle 
 

Then, symmetrically increases with the first half, but for the vertical side of the last horizontal 

rectangle the Nusselt number starts from 0.85 in y=0 and reaches to 0.62 in y=0.2 and swings in range 

of 0.62 to 0.64 for 0.2 <y<0.8. And symmetrically reaches 0.85 for y=1. Graph 3. 

For a vertical rectangle at the beginning of the graph 6, the Nusselt number starts from 9.1 for 

y=0 and decreases to 6.9 in y= 0.5 and continues symmetrically with the first half till gets to 9.1 in y=1 

which is only very similar in shape to the  

Entrance edge of the horizontal rectangle. In the last edge of the graph 7 in y=0, the Nusselt 

number starts from 2.98 and decreases to its least 2.65 in y=0.1 and continues with incremental trend 

increases to around 3.06 in y=0.4 and symmetrically gets to 2.65 in y=0.8 again. And also 
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symmetrically continues to 2.98 in y=1 which the shape of its graph is very different from the 

horizontal rectangle.  

In square mode both Nusselt number and its variations are between vertical and horizontal state. Thus, 

the Nusselt number is in the vertical rectangle and then the square and then for the horizontal state 

which naturally applies to heat transfer (graphs 9-12). 
 

 

  
 

Graph9. 2Dimensional Nu down for of channel with 

square obstacle 

 

Graph10. 2Dimensional. Nu left for obstacle of 

channel with square 
 
               

  
 

Graph11. 2Dimensional Nu right for of channel 

square obstacle 

 

Graph12. 2Dimensional Nu up for of channel with 

square obstacle 
          

 

 4- Conclusion 
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In general, the maximum amount  of Nusselt - as a result is the maximum heat transfer rate - 

related to the vertical, rectangular and then square state and the minimum is horizontal rectangular. 

Table 3. If we consider a square state with a vertical rectangle, two of which is a=b. “a” is the length 

and “b” is the width of the rectangle. Compared to the vertical rectangular, the greater a>b the heat 

transfer rate increases. Studies show that the upper and lower sides of the maximum Nusselt number 

and heat transfer are inversely proportional to the average Nusselt. Thus for the horizontal rectangle, 

square, vertical rectangle is the maximum. And vorticity lines in three states are very similar to the 

figures of the streamlines. 

Table 3 

 Nu (left) Nu (Right) Nu (down) Nu (up) 
Nu 

(Average) 

Rectangular vertical 7.666446 3.111696 0.9523527 0.9522507 3.170686 

Rectangular horizontal 4.047167 0.7153693 2.101064 2.100124 2.240931 

square 5.169253 1.660424 1.302724 1.302881 2.358820 
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